Abstract-The goal of this paper is to find the global minimum for three impulses orbital transfer between coplanar non co-axial orbits. Since there is no analytical solution for the problem, it is necessary to resort to a numerical approach. As first step, we extensively cover the space of possible solutions with the aim to get approximations for independent parameters to use as initial values for a gradient-based optimization method to seek for exact values. A comparison between the optimal solutions in the two impulse and three impulse cases shows that optimality depends on the ratio of semi-latus recti, argument of periapsis and on the eccentricity of initial and final orbits. We see also that the three impulses transfer case leads to different local minima, which could be useful when there are imposed contsraints on the problem.
I. INTRODUCTION
The problem of optimal impulsive orbital transfer is a long standing problem in space flight which still deserves deepening and improvements Actually, it has been extensively studied but full anakytical solutions have been obtained essentially for circular or coaxial elliptical orbits [1] . For instance, the optimal number of impulses to realize the transfer between two coplanar circular orbits depends on the ratio of the final orbit radius to that of to the initial orbit. If this ratio exceeds a certain value, the three impulse transfer is advantageous respect to the two impulse [2] . For problems involving a more complicated geometry, results have been obtained by the solution of nonlinear equations [3] .
Some recent researches attacked the problem by mean of different algorithms, such as Genetic and particle SWARM to find a numerical solution [4, 5] .
In this paper a simple and effective algorithm is introduced to extract the largest possible set of solutions to use to initialize a, subsequent, more accurate optimization procedure. Six independent parameters are required. Here we chose: the angular position of the point 1, 2 and which three impulses are applied, the semi-latus rectum of the first and second transfer orbits and the radial position of the point 2. The total Delta-V function versus these independent parameters is consequently calculated. After that, the approximation of the six independent variables which can lead to global optimal solution have been obtained. These approximated values have been used as initial values to solve the nonlinear optimization equations. Finally, the exact values of the six independent parameters related to global optimal solution are obtained.
II. PROBLEM STATEMENT

A. Defenition of the problem
The problem to solve is that of the optimal (minimum Delta-V) transfer between an initial orbit Oi to a final orbit Of by mean of three impulses, as sketched in Fig. 1 .
In the present formulation, , , p1, p2 and r2 are independent variables. The total delta-V for three impulse transfer is defined as:
Where V1, V2 and V3 are first, second and third impulse given to the orbiting probe, respectivly and third impulses, respectively. p1 and p2 are semi-latus rectum of first and second transfer orbits. r2 is radial position of the second impulse.
B. Numerical Algorithm
In this Section, we describe an explicit algorithm which returns the total Delta-V in function of the independent variables. The algorithm is based on the following equations 
By mean of above equations, the total Delta-V is obtained for any chosen set of independent parameters 1,2, 3, p1, p2
and r2, for any initial and final orbits with known orbital parameter pi, ei, i , pf, ef and i. For angular parameters, the range of variation of is from 0 to 360 degree. The domain of variation of radial parameters can choose arbitrarily, but experiences have shown the useful range for these parameters is from periapsis of the smaller orbit to apoapsis of the bigger orbit. Considering the range of these six parameters and defined steps, total Delta-V for each set of parameters will be calculated. There is a unique set of the independent parameters which yields the global optimal total Delta-V. Hence the obtained values in this step are not exact, these values can be used as initial values for solving the optimization equations in the next step.
C. Optimization equations
The actual optimization of the total Delta-V requires that the gradient of the total Delta-V is zero rather than the independent parameters. This is a necessary, but not sufficient, condition; anyway, the approximated values for the global solution have been already obtained in the previous Section. Thus, the optimization equations are to be used to access more accurate values. The presentation of the complete optimization procedure cannot be done here for limitation in space. Summarizing, the necessary conditions are:
III. NUMERICAL EXAMPLE
In this Section, we present an example of application of our method. This example refers to a case already solved in the two impulses class for the sake of result comparison. The initial and final orbital elements are: First of all we use the algorithm to get the appropriate initial values for the solution of the optimization equations.
The variation domains and the steps size for the independent parameters are given in Table I . The 3D plot of Delta-V versus the independent parameters  and  is shown in Fig. 2 . In the 3-impulse transfer, there are lots of ways to reach the final orbit from the initial in the range of optimal solutions while for 2-impulse transfer this wide range of possibility does not exist. Of course, to get more accuracy, the various step sizes can be decreased. Using the initial values for independent parameters, the nonlinear optimization system (Eqs. 23-28) has been solved and the "exact" solution has been presented in Table I . The defined range and step size for the parameters have been shown in second and third column respectively. The fourth column shows the initial values for the parameters which are obtained from the section II.B. The fifth column is result of solving optimization nonlinear equations system.
In this example, the 3-impulse solution actually gives the same Delta-V of the 2-impulse solution. This means that in this example case the 2-impulse transfer is optimal and a larger number of impulses is not needed. The transfer geometry for this example is shown in Fig. 3 . IV. CONCLUSION In this paper, the problem of the optimal three impulse orbital transfer has been investigated. First, an effective algorithm has been introduced to obtain Delta-V values over a wide range of independent variables. Using this algorithm we are able to find the global minimum of Delta-Vinstead of local minimum. Finally, the nonlinear optimization system of equations has been solved to get "exact" values.
